In this paper we present how to set up an algorithmic procedure which allows to detect all the primitive number fields with given degree and signature and with discriminant bounded by a chosen upper bound. In particular, we show how to get complete tables of number fields up to specified bounds for the signatures (4,2), (6,1) in degree 8 and (1,4),(3,3) in degree 9: this completes the search of minimum discriminants for degree 8 fields and continues it in degree 9. Finally, we focus on how a specific implementation of this process on the computer algebra PARI/GP allowed to get the results.
Introduction
Let us consider the family of number fields K with fixed degree n and fixed signature (r 1 , r 2 ). Classic results by Minkowski and Hermite, obtained at the end of the XIX-th century, imply the following properties for the discriminant d K of the fields:
• There exists an explicit lower bound |d K | > C(n, r 2 ), where C(n, r 2 ) > 1 depends only on the degree and the signature: thus, in the family of fields with degree n and signature (r 1 , r 2 ) there exists a field F such that |d F | attains a minimum value. • For every C > 0, there exist only finitely many number fields with fixed degree and signature and such that |d K | ≤ C.
The study of number fields with respect to their discriminants is then characterized by a double purpose: to find the minimum values for the discriminants of fields with fixed signature, and also to completely classify all the fields in this family up to a chosen discriminant bound (a goal which encodes the first one). Complete tables of number fields with bounded discriminant are useful practical tools in Number Theory, because they provide explicit examples over which one can work in order to get some heuristic or to definitely prove results after having obtained an asymptotic on the discriminants (see, as an example, the work by Astudillo, Diaz y Diaz and Friedman [1] on minimum regulators which explicitly requires this kind of lists). Giving a complete classification of fields with fixed degree n and signature (r 1 , r 2 ) is easy for n = 2, because any quadratic field has the form Q( √ d) with d ∈ Z squarefree, and this structure returns d K equal to either 4d or d, depending on the residue class of d modulo 4. Also for n = 3 the research is not difficult, thanks to Davenport-Heilbronn's correspondance between isomorphism classes of cubic number fields and equivalence calsses of primitive binary integer cubic forms [9] , which was the theoretical cornerstone for Belabas' algorithm for the classification of cubic fields with bounded discriminant [4] .
Whenever one considers fields of higher degree, the classification becomes harder to get. There are two main mathermatical frameworks, developed during 70's and 80's, which allowed several researchers to get results for fields with low degree:
• Geometry of Numbers and its applications to the rings of integers, which provided explicit estimates on the possible maximum values for the coefficients of the minimum polynomials of number fields K with bounded |d K |: this was investigated by Hunter and Pohst [27] for number fields over Q and by Martinet [18] for generic number fields extensions; • Lower bounds for the discriminants derived from the explicit formulae of Dedekind Zeta functions, a procedure which was pursued by Odlyzko [19] , Poitou [29] and Serre [33] and which allowed Diaz y Diaz [10] to obtain lower bounds of |d K | for several degrees and signatures. The simultaneous use of the previous tools permitted to develop algorithmic procedures which gave complete classifications of number fields up to certain discriminant bounds in the following cases:
• Number fields with degree 4 [6] and 5 [30] ;
• Number fields with degree 6 [5, 20, 21, 22, 23, 24, 25 ] and degree 7 [11, 12, 14, 26] .
• Totally complex [13] and totally real [28] number fields of degree 8;
• Totally real number fields of degree 9 [35] . For what concerns further signatures in degree 8, no complete tables up to some bound were known and no attempts of this kind were moved in this direction for several years. During his Ph.D. work, the author [3] was then able to give a complete classification of number fields with degree 8, signature (2, 3) and |d K | ≤ 5726301, showing that there exist exactly 56 such fields: this result was attained by exploiting the aforementioned theoretical ideas in order to write an algorithmic procedure which was implemented in a program relying on the softwares MATLAB and PARI/GP [37] . This setup was not good enough for exploring other signatures in degree 8 and 9, but we are now finally able to provide a better implementation, running just on PARI/GP, which allowed us to attain the following classification result, completing thus the investigation in degree 8 and keeping on with the study of degree 9: Theorem 1. There exist 41 number fields K with signature (4, 2) and with |d K | ≤ 20829049. The minimum value of |d K | is 15243125. There exist 8 number fields K with signature (6, 1) and with |d K | ≤ 79259702. The minimum value of |d K | is 65106259. There exist 67 number fields K with signature (1, 4) and with |d K | ≤ 39657561. The minimum value of |d K | is 29510281. There exist 116 number fields K with signature (3, 3) and with |d K | ≤ 146723910. The minimum value of |d K | is 109880167.
The number fields and the complete tables are gathered in the website [2] , together with the PARI/GP programs used for their classification. The programs were run on the cluster system of Université de Bordeaux and on the clusters INDACO and HORIZON of Università degli Studi di Milano. Sections 2 and 3 introduce the theoretical foundations of the algorithmic procedure, which are respectively Hunter-Pohst-Martinet's Theorem and the local corrections for lower bounds of discriminants given by prime ideals. Section 4 presents the various steps in which the algorithm is divided. Section 5 finally presents the main novelties due to the new implementation and the remarks on the final results obtained.
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Geometry of numbers
In our algorithmic procedure we look for irreducible polynomials of degree 8 and 9 which represent the desired number fields of degree 8 and 9: the first problem consists then in bounding the number of polynomials which must be considered in terms of the chosen upper bound for the discriminant and of their signature.
Instead of looking directly for the coefficients of a polynomial, we look for the values of the corresponding symmetric functions. Given a number field K, an element α ∈ O K and a number k ∈ Z, the symmetric function of order k of α is defined as the sum
where the α i 's represent the conjugates of α with respects to the embedings σ 1 , . . . , σ n of K.
One has S K (α) ∈ Z, and S 1 (α) = Tr(α); moreover, if f (x) := x n + a 1 x n−1 + · · · + a n−1 x + a n is the minimum polynomial of α, then there exist the recursive relations
which link the coefficients of f (x) with the values of the symmetric functions. In order to obtain an estimate for S k , we begin by looking for an estimate of S 2 , which in turn can be obtained by considering the absolute symmetric function
The function T 2 is easier to study because it can be seen as a positive definite quadratic form on a real vector space R n , where n = [K : Q], restricted over a lattice which is exactly the lattice given by the ring of integers O K whenever it is embedded in R n using the embeddings of K. This setting leads to the estimate provided by Hunter-Pohst-Martinet's Theorem.
Theorem 2. Let K be a number field of degree n with discriminant |d K |. Then there exists an element α ∈ O K \ Z which satisfies the following conditions:
The element α is called a HPM-element for K: for such an algebraic integer, the previous theorem allows to compute an upper bound for its trace and its second symmetric function S 2 . These data, together with the absolute value of the norm N := | N(α)|, are enough for giving upper bounds to every symmetric function: in fact, Pohst [27] proved that, given an upper bound U 2 for T 2 (α) and given N ∈ N such that N ≤ (U 2 /n) n/2 , then one can obtain an upper bound
Our goal is then to test the polynomials generated by a choice of the coefficients which derives from the values of the symmetric functions S k (with 2 ≤ k ≤ n) ranging in the intervals [−U k , U k ] and satisfying the recursive relations (1) . In order to do so, we need to choose an upper bound for |d K |.
Remark 1. The condition N ≤ (U 2 /n) n/2 is set in order to respect the inequality between geometric and arithmetic means: in fact,
Tables of local corrections
We present an inequality, firstly proved by Poitou [29] , which furnishes a lower bound for the discriminants of number fields with fixed degree n and signature (r 1 , r 2 ): it is derived from Weil's expicit formula for Dedekind Zeta functions. Theorem 3. Let K be a number field of degree n, signature (r 1 , r 2 ) and discriminant d K . Let f (x) be the function
Then, for every y > 0, one has
where γ is Euler's constant, the series is made over the non-zero prime ideals of O K , N(p) is the absolute norm of the prime p and
The infinite series in the right hand side of (2) is convergent and sum of positive terms, and so it can be discarded in order to obtain a lower bound which holds for the discriminant of every number field with degree n and signature (r 1 , r 2 ). Assume however that we are able to guarantee that a prime ideal p with a chosen norm is contained in the ring of integers O K : this assumption provides then an explicit contribution to the estimate (2), which is called local correction for the discriminant given by an ideal of norm N(p). We denote the local corrections for fields with signature (r 1 , r 2 ) given by a prime with norm N(p) by C(r 1 , r 2 , N(p)). Selmane [32] computed the values of local corrections for several signatures and prime ideals: in the following tables we report the lower bounds for |d K | obtained with local corrections for fields of degree 8 and 9, in every signature, and for prime ideals p of norm N(p) ≤ 7. Table 1 . Local corrections C(r 1 , r 2 , N(p)) for number fields of degree 8 Local corrections provide also useful arithmetic consequences: as an example, assume that a number field K with signature (0, 4) satisfies |d K | < 1362891: then its ring of integers O K cannot admit any prime ideal with norm equal to 7 or less, because otherwise the discriminant of K would be higher than 1362891. Thus, low values for the discriminants force the field K to exclude prime ideals with certain norms.
This fact reflects then on the minimum polynomials of the field: assume that |d K | ≤ C(r 1 , r 2 , N(p)). If p(x) is a minimum polynomial of K and α ∈ K is a root of p(x), then we know that |p(n)| = N((α − n)O K ) for every n ∈ Z, and so p(n) must not be an exact multiple of every m ∈ {2, . . . , N(p)}, i.e. m divides k and k/m is not divided by m.
In the following, we will choose local corrections as upper bounds to be set in the procedure, so that we can reduce the number of polynomials to be considered thanks to the arithmetic property just shown.
The Algorithmic Procedure
We want to detect all the number fields K with degree n, signature (r 1 , r 2 ) and |d K | ≤ C(r 1 , r 2 , 5), where C(r 1 , r 2 , 5) is the local correction for the signature (r 1 , r 2 ) given by the prime ideal of norm 5: in order to accomplish this, we construct all the polynomials of degree n with integer coefficients which are bounded by the values U m corresponding to the upper bound C(r 1 , r 2 , 5). Because of this construction, it is clear that we are dealing with minimum polynomials of HPM-elements. The polynomials are generated ranging the values for the symmetric functions S m 's in the intervals [−U m , U m ]; from these values we create the coefficients of the polynomials with the help of the recursive relations (1) and further conditions derived from the arithmetic nature of the problem, like the fact that any evaluation of the polynomial cannot be an exact multiple of 2, 3, 4 or 5.
Remark 2. As stated above, the procedure assumes that we are looking for minimum polynomials of HPM-elements. There is a problem, however: unless the number field K is primitive, i.e. without subfields which are not Q and K, there is nothing which assures us that the minimum polynomial of an HPM element α ∈ K has degree exactly equal to n. In fact, α could be contained in a proper subfield of K. So we can just say that this procedure gives a complete classification only for primitive fields, which for composite degrees is still a proper subset of the considered family (though being actually a very large subset). Fortunately, the relative version of Hunter-Pohst-Martinet's Theorem allowed to get a complete classification of non-primitive fields up to larger upper bounds for |d K |, and specifically in the following cases:
• [8] and [31] , which give a complete classification of non-pimitive fields of degree 8 with signature (2, 3), (4, 2) and (6, 1) and |d K | ≤ 6688609, 24363884 and 92810082 respectively; • [15] where Diaz y Diaz and Olivier gave a classification of non-primitive number fields of degree 9 with |d K | ≤ 50000000, 4000000000, 5000000000, 7000000000, 63000000000 for signature (1, 4) , (3, 3) , (5, 2), (7, 1), (9, 0) respectively. Thus in our procedure we can reduce ourselves just to primitive fields.
Let us now present the steps of the algorithm.
Step 0: Choose the value of the degree n and an integer value for S 1 between 0 and n/2. Put a 1 = −S 1 . Then compute U 2 as in Theorem 2 using |d K | = C(r 1 , r 2 , 5), using the Hermite constant of dimension n − 1. Next, compute (U 2 /n) n/2 ; choose a positive integer N ≤ (U 2 /n) n/2 and put either a n = N or a n = −N ; remember that N is the norm of an element of K, and so it cannot be an exact multiple of 2, 3, 4 or 5. Afterwards, compute the upper bounds U m for m between 3 and n and m ∈ {−1, −2}. We have now set the intervals [−U m , U m ] in which the symmetric functions will range.
Step 1: Put S 2 equal to the maximum integer in [−U 2 , U 2 ] which is congruent to −a 1 S 1 modulo 2: if k 2 is the class of −a 1 S 1 modulo 2, then
and put a 2 := (−S 2 − a 1 S 1 )/2. Now, put S 3 equal to the maximum value in [−U 3 , U 3 ] which is equal to −a 1 S 2 − a 2 S 1 modulo 3: in the same way, if k 3 is the class of −a 1 S 2 − a 2 S 1 modulo 3, then (4)
and we put a 3 := (−S 3 − a 1 S 2 − a 2 S 1 )/3. Do the same for S 4 up to S n−1 , always respecting the recursive relations and using definitions similar to (3) and (4), and create the coefficients a 4 up to a n−1 . Finally define p(x) := x n + a 1 x n−1 + a 2 x n−2 + · · · + a n−1 x + a n .
Remark 3. There are some checks that can be made already during this step: the polynomial p(x) is kept if and only if it is constructed by symmetric functions which satisfy the followings restraints:
If a 1 = 0, then S 3 ≥ 0,
The first two inequalities are proved in Cohen's book [7] , Chapter 9. The inequality (5) was used in [27] with the term (U 2 − S 2 ) multiplied by a factor 1. However, the inequality was claimed to be proved by means of the Cauchy-Schwartz inequality, but this technique leads to the appearance of the factor 2, which seems not avoidable with this elementary method. The fourth inequality is a trivial necessary condition for the validity of the third one.
Step 2: In this step of the algorithm one must check if the polynomial p(x) just constructed satisfies a set of conditions and p(x) is saved if and only if it satisfies each one of the followings conditions:
• |p(1)| = | N(α − 1)| ≤ ((U 2 − 2S 1 )/n + 1) 4 and it cannot be an exact multiple of 2,3,4 or 5. • a n−1 /a n , being the number which defines S −1 , must be in [−U −1 , U −1 ]. Similarly, (a 2 n−1 /a n − 2a n−2 )/a n must be in [−U −2 , U −2 ]. • |p(−1)| = | N(α + 1)| ≤ ((U 2 + 2S 1 )/n + 1) 4 and it cannot be an exact multiple of 2,3,4 or 5. • The number −na n − n−1 k=1 a k S n−k is equal to S n and so it must belong to [−U 8 , U 8 ]. • p(x) must be an irreducible polynomial.
• The field generated by p(x) must not have prime ideals of norm less or equal than 5.
This can be verified in an algorithmic way (as we explain in the next section). Moreover, the signature of p(x) must be equal to (r 1 , r 2 ). • Given an integer m, define core(m) as the product of the prime factors of n without multiplicity. Then we require |core(disc(p(x)))| < C(r 1 , r 2 , 5).
Step 3: In this step we describe how to move on to the next polynomial. Suppose we have checked p(x). Then the next polynomial is created by increasing a n−1 by 1, which means that S n−1 is decreased by n − 1. We now have a new polynomial p(x) that must be tested as described in Step 2. This process of construction and testing is iterated until S n−1 becomes less than the number
which is the smallest number in [−U n−1 , U n−1 ] which is equal to k n−1 modulo n − 1. If S n−1 < L n−1 we delete a n−1 and S n−1 and we increase a n−2 by 1, decreasing S n−2 by n − 2 , then we go back to Step 1 and we create new numbers S n−1 and a n−1 ; then we apply again the tests and the increasing process for a n−1 and S n−1 .
The number S n−2 gets lowered by n − 2 every time we repeat the previous sub-step and the process is iterated until S n−2 becomes less than
If S n−2 < L n−2 then we increase a n−3 by 1, decreasing S n−3 by n − 3, and we compute new S n−2 , a n−2 , S n−1 and a n−1 . The test is then repeated verifying similar conditions from S n−3 up to S 2 : the process terminates once we have S 2 less than L 2 + 2a 2 1 /n where
Once this part of the algorithm is over, we have a list of monic polynomials with integer coefficients and this list depends from the chosen values for a 1 and a n .
Step 4: We repeat the previous steps for every value of a 1 between 0 and n/2 and for every value of a n which satisfies |a n | ≤ (U 2 /n) n/2 and is not an exact multiple of 2, 3, 4 or 5. We are left with a list of polynomials among which we select the ones generating a number field K with signature (r 1 , r 2 ) with |d K | ≤ C(r 1 , r 2 , 5). The fields gathered are finally classified up to isomorphism and put in increasing order with respect to their absolute discriminant.
Remarks on the implementation and the results
Both the theoretical ideas on which our procedure is based and the several steps composing the algorithm are very similar to what has been introduced in [3] , with only few differences in some of the conditions put during the tests (like the check on the size of the coredisc). The main novelty which allowed us to obtain complete tables for further signatures is the different implementation we wrote for our programs, which gave the following consequences and facts:
• First of all, the programs do not need MATLAB anymore for their execution, because now they are written just as .gp files, so that they can be read only within PARI/GP. This new setting has proved to be crucial in terms of lightening of the procedure: with the old implementation, signatures beyond (2,3) were not even possible to study, because in the first part of the process (run on MATLAB) too many data were considered. The new PARI expression, instead, allowed to speed up the computations in a remarkable way, and so not only we got results for new signatures, but we also got the already studied fields with signature (2,3) in two hours instead of one week. • As previously mentioned, the polynomials created during the process are tested also verifying that the ideals generated by the corresponding number fields do not have norm less or equal than 5. The implementation of this process has been achieved thanks to the ZpX-primedec() function, written by Karim Belabas on purpose. • The final check to be made on the polynomials, suggested by Bill Allombert, concerns the size of core(disc(p(x))): this test was added only some month after the signatures in degree 8 were solved. However, it allows to exclude many polynomials, because several candidate polynomials p(x) have in fact core discriminants with very big size, which would force the number field discriminant to be way over the desired upper bound. The number of polynomials surviving this last condition is very small, being at most of order 10 2 , and for these one can directly compute the number field discriminant. • The times of computation vary considerably and range from few hours (for signatures (2, 3) and (4,2)), few days (signatures (6,1) and (1, 4) ), up to some months (signature (3,3) ). • The tables presenting all the detected number fields can be found as PARI/GP files at the website [2] , together with the programs written by the author, the collection of polynomials found as result of the iterations and the overview on computation times.
Finally, we present some remarks on the results we found:
• Every field in our lists is uniquely characterized by its signature and the value of its discriminant, with exceptions given only by two fields with signature (3, 3) and same discriminant equal to −142989047. These fields are detected by the minimum polynomials x 9 − 4x 7 − 4x 6 + 2x 5 + 5x 4 + 6x 3 + 8x 2 + 4x + 1 and x 9 − 6x 7 − 9x 6 − 2x 5 + 21x 4 + 35x 3 + 23x 2 + 7x + 1. • Every field of degree 8 and every field with signature (1, 4) which is contained in our lists was already known: in fact, they are all gathered into the Klüners-Malle database of number fields [17] , although many of them miss from the LMFDB database [36] . Our work allows to say that these are the only number fields in the examined signatures with discriminant less than the chosen upper bound. • Concerning the fields of degree 9 and signature (3, 3), our procedure showed that there exist 116 such fields with |d K | ≤ 146723910, while the Klüners-Malle database only contains 62 fields of this kind. Considering the additional 54 fields, we see that 52 of them have discriminant which match with Denis Simon's table of small polynomial discriminants [34] . The two remaining fields satisfy instead the following properties: one of them is the field of discriminant −142989047 which is not isomorphic to the one given by the polynomial in Simon's list; the other one has discriminant equal to −129079703, which is a value not contained in Simon's lists for polynomials of degree 9 with 3 real roots, thus providing a number field and a discriminant value which were not foreseen.
• Every field in the list has trivial class group, and most of them has Galois group of the Galois closure equal to S 8 or S 9 . • Although the algorithm classifies only primitive fields, every non-primitive field with |d K | ≤ C(n, r 1 , 5) appeared in the outputs. • The groups in [2] are presented according to the LMFDB notation: every group is denoted by nTq, where n is the degree of the corresponding field and q is the label of the group as transitive subgroup of S n : the choice of the label is based upon Hulpke's algorithm for the classification of transitive subgroups of S n [16] . If the group has an easy form, like the dihedral group D n or the symmetric group S n , then the classic name of the group is written together with the LMFDB label.
